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1 Introduction 

Let (M, F) be a compact foliated manifold. If F is spin and there is a metric 
on F such that the scalar curvature of is positive, then A-genus of M vanishes as 
proved in [Co]. A. Connes proved this theorem by a highly noncommutative method. 
In [LZ], Liu and Zhang used adiabatic limits to study foliated manifolds. They con- 
structed the sub-Dirac operator associated to foliations with spin leave and presented 
a direct geometric proof of the vanishing theorem of Connes for almost Riemannian 
foliations by taking the adiabatic limit of the square of the sub-Dirac operator. In 
[LMZ], the author used the sub-Dirac operator to prove rigidity theorems for folia- 
tions. In [Ko2], [LK], adiabatic limits were used to study the spectral geometry for 
Riemannian foliations. In [Ru], Rumin studied the adiabatic limits of some geometric 
objects for contact manifolds. 

Here are some motivations of this paper. 

1) For contact manifolds and in general for a manifold M with splitting tangent 
bundle TM = F (B F-^ and F is not integrable, we hope to get a Connes type van- 
ishing theorem by taking adiabatic limits. 

2) For complex foliations, by using the Bismut-Kodiara-Nakano formula in [Bi] 
and taking adiabatic limits, we hope to get a vanishing theorem for foliation. 

3) The Kastler-Kalau-Walze theorem says that the noncommutative residue (see 
[Wo], [FGV]) of the — dimM-|-2 power of the Dirac operator for even-dimensional spin 
manifolds M is proportional to the Einstein-Hilbert action. For a foliation (M, F) 
with spin leave, by using the sub-Dirac operator in [LZ] and considering the adia- 
batic limit of the noncommutative residue of the — dimM -|- 2 power of the sub-Dirac 
operator, we hope to derive a Kastler-Kalau-Walze type theorem for foliations. 



In this paper, We define ^(lo), A, B, * by (2.12), (2.20), (3.24), (4.33) in the 
following respectively. We will prove the following theorems. 

Theorem I Let (M, F,g^) be a compact and transversally oriented foliation with spin 
leave, ifA{uj, (piiF^)) > for any (piiF^) appeared in (2.22), then < A{TM), [M] >= 
0. 

Theorem II Let M he a compact oriented manifold, if 1) TM = F ® F-^ and F 
may not he integrable and oriented spin, 2) B > 0, then < A{TM), [M] >= 0. 

Theorem III Let (M, F) be a compact complex foliation. If ^ > 0, then the Euler 
number Eul(^) of the holomorphic bundle ^ vanishes. 

Theorem IV Let {M'^,F) he a compact even-dimensional oriented foliation with spin 
leave and codimension q, and Dp be the sub-Dirac operator, then lim^^oe 2 'Res{Dp^'^^) 
is proportional to J^lk^ + $(w)]c?volg. 

This paper is organized as follows: In Section 2, we compute the adiabatic limit of 
the scalar curvature explicitly by following the method in [LZ] , then by using this re- 
sult we give a new vanishing theorem for general foliations with spin leave. In Section 
3, for a manifold M with splitting tangent bundle TM = F ® F-^ and F may not be 
integrable, we also compute the adiabatic limit of the scalar curvature similarly, and 
we note that some extra singular terms O(-) will appear. We consider the adiabatic 
limit of eDp and derive a vanishing theorem. In Section 4, by the Bismut-Kodiara- 
Nakano formula and taking adiabatic limits, a vanishing theorem can be obtained 
for complex foliations. In Section 5, a formula similar to the Kastler-Kalau-Walze 
theorem for foliations with spin leave is given. 



2 Vanishing theorem for fohations 

First we recall the basic setup and some facts in [LZ] (for details, see [LZ]). 
Let (M, F) be a foliation, that is, F is an integrable sub-bundle of the tangent 
bundle TM. Take a metric g^^^ on TM as in [LZ], then 

TM = F®F^; g™ =g^®g^^, (2.1) 

where F-^ is the orthogonal complement of F in TM with respect to g^^ and g^ 
(resp. g^ ) the metric on F (resp. F-^). Let p, p-^ be the orthogonal projection from 
TM to F, F-^. Let V'^^ be the Levi-Civita connection of g'^^ and (resp.V^^"^) 
be the restriction of to F (resp. F-^). For any £ > 0. let ^^^'^ be the metric 

/^■^ = /ey". (2.2) 
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Let V'^^'^ be the Levi-Civita connection of g'^^'^ and V^'^ (resp.V^ be the 
restriction of V-^^'^ to F (resp. F-*-). Then we have formulas (1.5)-(1.8) in [LZ]. Let 
V be the Bott connection on F-^ and V* be the dual connection of V and 

. ^ V + V* 
a; := V* - V; V = ^ . (2.3) 

Let k^^'^ be the scalar curvature associated to V'^''^'^. In the following, we will 
compute the adiabatic limit lim^^ol^"^^^'^)- 

Let {fiY^^i,{hsYs=i be an orthonormal basis of g^^ = 9^ ® 9^^ ■ By (2.32) in 
[LZ], we get 

lim,^o(i?™'^(/^, /,■)/^, /,) = {R^'ih, fj)fi, fj). (2.4) 
By (2.35) in [LZ], for X G T{F), U,V e r(F^), 
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A := lim,^oP^V™''X = - ^ c^(X)(i7, h,)h. (2.5) 



s=l 



By (2.5) and (2.33), (L13) in [LZ], we get 



lun,_.o{R'^'%X,U)X,U) = —uipVl'^XmU) - ^a;(X)(C/,p^[X, [/]) 

+{[X,A],U) + ^u;iX){U,A). (2.6) 
By (L7), (L8), (1.6) and (1.13) in [LZ], we have 

= -^(pV™'^^,2Vr^) + |(pV™'^t/, [V,V]) + (V^Vr 

= ^^u,{pV™V)(U,U) + 0{l). (2.7) 

Similarly, we have, 

(pV™'^t/, Vjj'^V + Vl'^U) = (V™'^t/,p(V?;^l^ + Vl'^U)) 
= hp{^™v + V™U),V™V + V™U) + 0(1) 

= -y^^{pC^™V + V^^i7))(C/, y) + 0(1). (2.8) 
By (2.7), (2.8) and (2.34) in [LZ], we get, 

\une^oe{R^''^%U, V)U, V) = \u;ip{Vj;^V + V^^C/))([/, V) - i.;(pV^*V)(C/, U). 

(2.9) 
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By definition, 

i,j=l s,t=l 

+2X:E(i?™'^(/.,/i.)/^,/i.). (2.10) 
i=l s=l 

By (2.4), (2.6), (2.9), (2.10), then we get 

lim,_o(A;™'^) = fc^ + $(a;), (2.11) 

where 

s,t=l 

+ E E{^'^(f'Vj,^/.)(/i„ /i.) + ^u;(/,)(/„j.^[/„ /j,]) 

i=l s=l 

-{[f,,A],hs)-^u;{mhs,A)}. (2.12) 

Borrowing the idea in [LZ], we will prove a vanishing theorem. By Theorem 1.1 
in [LZ], we can write for Y e T{F), U G r(F-L), 

Vy'^'^U = VVt/ + 0(£) = VyU + ^^"^^^ + 0(£). (2.13) 
then because the curvature of the Bott connection vanishes along leaves, we have for 

x,Y e r{F),u,v e r(F^), 

{R^^'%X,Y)U,V) = {R^\x,Y)U,V)+Oie) 

= {R{X, Y)U, V) + ^{{Vxuj{Y) - Vyu{X)}U, V) 

+i({[a;(X),a;(y)] - 2u; {[X, Y])}U, V) + 0{e) 

= l({Vxa;(l^)-Vya;(X)}C/,F) + i({[a;(X),a;(y)]-2a;([X,y])}[/,y)+0(£). (2.14) 

By Vy'^'^U = V^^U and (2.13), similar to (2.14), for X G r{F),U,V, Z, Zi, Z2 G 
r(F^) we have 

{R^^'%X, U)V, Z) = 0(1); (E^^^(C/, F)Zi, Z^) = 0(1). (2.15) 
So by (2.14), (2.15), the sum of the last three terms in (2.30) in [LZ] is 

= ^ E E (^"""(Z- fj)ht, hs)cUi)c{fj)c{^ehs)c{^eht) + 0{^e). (2.16) 

i,j=l s,t=\ 
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In order to prove a vanishing theorem, we will estimate the norm of c{^/eht) under 
the metric g^. By 

\\c{V^ht)\y = \\c{ht)\\g, (2.17) 

so we do not consider the order of e from c[^/£ht). For other three terms including 
jlct>{F^),e (-2.30) in [LZ], similar to (2.16), their sum is 

\ E c(/,)c(/,)i?<^(^")(/,,/,) + 0(Vi). (2.18) 
Then by (2.30) in [LZ], (2.11), (2.16) and (2.18), we get 

+\ E j2iR''''ifiJj)ht,hs)c{fi)cifj)c{V^hs)c{V^ht) 

i,j=l ■s,t=l 

+1 E c(/,)c(/,)^^(^")(/,,/,) + 0(Vi). (2.19) 

Let x be a point in M and | \L\ \x be the norm of the operator L on {S{F)'S> A (F"*-'*) (g) 
(P{F^),g^). Let 

A(c.,0(F^))(x) = + - \\l E c(/.)c(/,)i?^(^^)(/.,/,)||. 

-11^ E E ^^"((/i>/i)^t,^.)c(/Oc(/,)c(/i,)c(^t)IU- (2.20) 

i,j=l s,t=l 

By (2.17), (2.19), (2.20), if A{u,4>{F-^)) > 0, for sufficiently small e > 0, we get 

^mF^le > and I(F)L(F^)ch(,^(F^)) = 0. (2.21) 

Let 

(1(TM), [M]) = ^Q(l(F)L(F^)ch(^,(F^)), [M]), (2.22) 
where q is a constant. By (2.21) and (2.22), we have 

Theorem 2.1 Let {M,F,g^) be a compact and transversally oriented foliation 
with spin leave, if A{oj,(f)i{F-^)) > for any (pi{F-^) appeared in (2.22), then < 
A{TM), [M] >= 0. 

Remark. When {M,F) is a Riemannian foliation, then A= — , so we get the van- 
ishing theorem of Connes. As in [LZ], we can get the vanishing theorem of Connes 
for almost Riemannian foliations from Theorem 2.1. 
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3 A vanishing theorem when F is not integrable 



Recall that for a contact manifold M (for definition, see [Bl]), we have TM = 
F(BF^ where F-^ is a line bundle and F is not integrable. In order to get a vanishing 
theorem as in Section 2 for contact manifolds, we need to compute the adiabatic limit 
of the scalar curvature in this case. 

Let {M,g'^^) be an oriented Riemannian manifold. Assume that 

TM = F e F^, 5™ = 5^ e , (3.1) 

where F may not be integrable. Now we compute the adiabatic limit of the scalar 
curvature in this case. We use the same notations as in Section 2. Then we have 
similar formulas to (1.5)-(1.8) in [LZ]. For X G TM, X,Y,Z e r{F), U,V e r(F^), 

{VfY,Z)gTM = {V^^Y,Z)gTM + ^(1 - -^){p^[Y,Z],X)gTM. (3.2) 

Especially, when X = X & T{F),we have 

= Vj. (3.3) 

Furthermore, 

(v™'^c/,y),TM = (v5^?7,r),TM + ^(1 - ^)([x,y],t/),TM, (3.4) 

(V^^^'^C/,X),.M = (Vrf/,^>.™ - i(l - ^^){X,V^^U + Vj;^V), (3.5) 

and 

(V™'^y, U)gTM = eiVl'^'Y, U)gTM + ^(1 - e){[X, Y], C/),tm. (3.6) 
Especially when X = y, we have 

p^V™'^X = £p^V™X (3.7) 

Furthermore, 

{Vl'''^Y,U),TM=~{Y,V^^U + Vj;^V) + l{Y,[U,V]), (3.8) 
Vr'' = V^\ (3.9) 

and 

(Vf = {[X,U],V) - i(X,V™[/ + V™F) - '-{X,[U,V]). (3.10) 

As in Section 1 in [LZ] , we can still define the Bott connection V which may not 
be flat along leave, its dual connection V* and u, V. Then we still have for X G T{F) 

lim,_oV^^'" = Vx. (3.11) 
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In our case, we denote the scalar curvature (resp. curvature) by k^'^'^ (resp. R^^'^) 
associated to g^. We still denote the curvature by B!F^'^ when F is integrable. That 
is, we just use the expression of i?™'^ in [LZ]. By (2.32) in [LZ] and (3.2), (3.3), 
(3.6), we have 



=:TM,£ , 



(3.13) 

By (2.33) in [LZ] and (3.2), (3.7), (3.8), (3.9), (3.10), for X e r{F),U e r(F^), we 
have 

(R™''{X, U)X, U) = {R^^'^X, U)X, U) + ^{1- e){[X,pVj,'^U],U) 



+i(l - s){[X,pVl'''''X], U) - 1(1 - e){\p[X, U],X], U). 
By (2.34) in [LZ] and (3.8), (3.9), (3.10), for U,V e r(F^), we have 

{R^^'\U,V)U,V) = {R™''{U,V)U,V). 
By (2.32) in [LZ] and (3.13), when £ ^ 0, we have 



(3.14) 
(3.15) 



{R ' {fiJj)fiJj) - {R'{fiJj)fiJj) - ^{pHfiJMfiJj])9-M+0{-) (3.16) 



and 
So 



lims_0£(i?™'^(/i, fj)fi, fj) = fj], [fi, fj])gTM. 



(3.17) 
(3.18) 



Y: lim,_o£(i?^^'^(/,,/,)/„/,) = - E WP^ifiJM^ 

which is globally defined and is positive when F is not integrable. By (2.33), (2.35) 
in [LZ] ((2.35) is still correct in this case) and (3.14), we have 

\im,_,o£{R™'"{X,U)X,U) 



linie^o 
= lim£_o 

jTM 



e{R^^'''%X, U)X, U) + -{1- e){[X,pVlj'"''X], U) 



-{X, [U,p^V™''X]) + e{[X,p^vl^'''X], U) 



^p"v™-x^ + V?;^P^Vr'^X) + ^(1 - s)([X,pVr'^X], C/) 



TM,e- 



= lim,_.o|(l-£)([X,;>V™'^X],C/) 



(3.19) 



By (3.2), we get 



(3.20) 
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and 

p 



pV™'^X = E(V?;^'^X, /,)/,■ = VVVX + E([^> hlU)!,. (3.21) 

by (3.19-3.21), we have 

(3.22) 

By (2.34) in [LZ] and (3.15), we get 

lim,_,oe^(^™''(^^, V)U, V) = Q (3.23) 
By (3.17), (3.22) and (3.23), we have 

:rTM,e _ 3 ^ ^ 2 



i=l s=l 



= -\ E ib^[^/.]iP-^EEibvj^^^.ii^ + lEEii^^M''/^ii^ (3-24) 

which is globally defined and vanishes when F is integrable. By (2.30) in [LZ] and 
(3.11), similar to Section 2, we have 

-rrM,£ 

= -eA^.^(^^).^ + £^ + 0{e). (3.25) 

By (3.24) and (3.25) and that — eA^'*^*^^^^'^ is nonnegative, we get for sufficient small 
e > 0, if B > 0, then D^^^^,^^ ^ > 0. So similarly to Theorem 2.1, we have 

Theorem 3.1 Let M be a compact oriented manifold, if 1) TM = F (B F-^ and F 
is not integrable and oriented spin, 2) B > 0, then < A{TM), [M] >= 0. 

For many cases, TM = F-^(BF and F-^ is not integrable. When M be an compact 
contact metric manifold and dimM > 3, then M has a canonical spin^ structure 
(for details, see [Pc]). In this case, TAI = L © and L"*- is not integrable. Let 
gTM,e _ gL Q iy^^ . Let be the spin'^ Dirac operator associated to the Levi-Civita 
connection and the general complex determine line bundle L. By [LM], we have 

■TTM,e r—r _ 

pL,£)2 ^ _^L,e ^ ^ ^i-^O^. (3.26) 

By (3.26), similar to the proof of Theorem 3.1, we have 
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Theorem 3.2 For the above M and D , if B > 0, then kerD = for sufficient 
small e > 0. 

Similarly, let M^" be an compact oriented manifold. We assume TM = F (B F-^ 
and F is not integrable. Let = + 5^ be the de-Rham Hodge operator (resp. 
signature operator) associated to {M,g^). If B > 0, then the Euler number (resp. 
signature) of M is zero. 



4 A vanishing theorem for complex fohations 

Let M be an compact connected complex manifold of complex dimension n with a 
complex foliated structure of complex dimension p. That is, AI is the disjoint union 
of its complex submanifolds of complex dimension p which locally are defined by 
dzp+i = ■ ■ ■ = dzp+q = 0, where p + q = n and zi = xi + iyi, ■ ■ ■ , Zn = Xn + iyn is the 
complex coordinate of M. Wc consider M as an almost complex manifold with the 
canonical almost complex structure J : 

d d d d 

dxk dyk dyk dxk 

Let TM be the holomorphic tangent bundle on M and let TrM be the real tangent 
bundle of M as an real manifold. Let F be the real tangent bundle of complex leave 
and locally 

d d d d 

F = spanR{— ,—}, (4.2) 

dxi dyi dxp dyp 

then J\f : F ^ F is a complex structure of the bundle F. As in Section 2, we take 
gTnM ^ gF@g^^ and T^M/F ^ F^ . Since J : F®F^ F ® F^ and J\f : F ^ F 
are isomorphism, then J : F-^ F-^ is an isomorphism, so J is also a complex 
structure of F-^. We take a positive definite Hcrmitian structure {F,J,H^) (resp. 
(F^, J, H^^)) of (F, J) (resp. {F^, J)) such that 

/ = Reif^; /^=Rei^^^ (4.3) 

Here ReH (resp. ImH) denotes the real part (resp. imaginary part) of the Hermitian 
metric H. Let oJi (resp. U2) be the Kahler form associated to (resp. ). Then 
forXi,yiGF, X2,Y2eF^, 

u;i(Xi,yi) =/(Xi, JFi); u;2(X2, Fs) = ^^(^2, JI2). (4.4) 
For any e > 0, we define a positive definite Hermitian structure on T^M by 

H' = H^®-H^^, (4.5) 

£ 

Then 

gTnM,e ^ ^Qfje. = ^ _^2, (4.6) 
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and we write u = u^. 

Now, we recall the Bismut-Kodaira-Nakano formula (for details, see Section 2 in 

[Bi]). Let ^ be a holomorphic Hcrmitian vector bundle of complex dimension I. Let 
be the holomorphic Hermitian connection on ^, whose curvature is denoted by 
(V^)^. AT*(°'^)M denotes the algebra of forms of type (0, j?) (0 < p < n). Let d be the 
Dolbeault operator acting on the set F of smooth sections of Ar*(°'^)M(g)^ equipped 
with the natural L^-Hcrmitian product. Let d be the formal adjoint of d with respect 
to this Hermitian metric. Let V"^*^ be the holomorphic Hermitian connection on TM 
associated to the hermitian metric g'^^ induced by g'^^'^ = . Let u be the 

Kahler form associated to H = . Locally, 

AT*^oA)M = S{TnM)^{X(^C), (4.7) 

where S'(TrM) denotes spinors bundle and A denotes the square root of det(TM). 
Then the Levi-Civita connection associated to g'^^^ has a lift on S'(Tr,M), still 
denoted by V^. Then by Theorem 2.3 in [Bi], we have: 

1=1 

+c((v«)2 + iTr[(V™)2] ® I^) - ^%ddQ) -\\\{d- d)u\\\ (4.8) 

where E = -^{d - 8)0 and = + and {S^{X)Y, Z) = 2E{X, Y, Z) for 
X, y, Z G r(TR,M) and {ei, • • • , e2n} is an orthonormal basis associated to (TrM, ^f). 
If we replace ghy g^ ^ then by (4.8), we have 

2{d + W,f = -Af + ^+<^ ((V«)2 + lTr[{V™n'] ® k)^ 

-'^''(ddu')-l\\{d-d)u%s. (4.9) 



2 ' ' 8"' ' 
Next we will compute the adiabatic limits of some terms in (4.9). We assume 

d_ _d 

l<i<j<2n ^-^^ 



0^2 = Yl kjd^i ^ dxj ; fi,j = u;2{-^,-^), (4. 10) 



where {dxi, • • • , dx2^} = {dxi,dyi, • • • , dxn, dpn}- By (4.2) and i02{X, y) = if X or 
y in i^, we know 

fij = 0, when i or j < 2p. (4-11) 
By direct computations and (4.11), we get 

{d - d)LU2{fi, fj, fk) = {0- d)u2{fi, fj,hk) = 0; (4.12) 

ddui2{fi, fj, fk, fl) = ddui2ifi, fj,fk, hi) = 0. (4.13) 
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By (4.6) and (4.13), we have 

'{ddco^ = (ddui){njjJkJi)c{n)c{fMfk)c{fi) 

l<i<j<k<l<2p 

+ E E (59u;2)(/i,/,-,/ife,/i0c(/i)c(/,)c(Vi/tfc)c(Vi/iz) + O(V^)- (4.14) 

l<i<j<2pl<k<l<2q 

By (4.6) (4.12) and the definition of the norm, we get 

\\{d-d)u}%. = Yl [^i^-^)u;^if,,fJ,h)]' 

l<i<j<k<2p 

+ E E [V^{d-d)u;2ifi,hj,hk)f + 0{e). (4.15) 

l<i<2pl<j<k<2q 

Since "^(V^)^ is independent of g'^, we have 

^(V^)'= E {^^)\fiJMfiWj) + 0{V~s). (4.16) 

l<i<j<2p 

Next we consider '=(Tr[(V'^^'^)^]). We extend g"^^^ (resp. ^^R^-^) to an Hermi- 
tian metric g^^^®'^ (resp. gr^R^®c;,£-j^ then we get an Hermitian metric g'^^ (resp. 
5™'^) by restricting the ^^R^^c ,^j,ggp gT^M®c,e-^ ^et { J^, • • • , ^} be a 

holomorphic local basis of TM and 

H = (HapUn, H^p = 9™{-^, (4.17) 

Let LO (resp. 17) be the connection (resp. curvature) matrix associated to the Hermi- 
tian holomorphic connection {TM, , g'^^^) under the basis {-^, • • • , gf~}. Then 

uj = dH.H-^; n = dw-oj Aoo. (4.18) 
By TrM (g)C = F(g)CeF-^(8)C and (M, F) is a complex foliation, we know 

TM = T^'°F QT^'^F-^, (4.19) 

where locally 

T'.»F = spanc{A,.,^} (4.20) 

and T^'^^F-^ is the orthogonal complementary bundle of T^^^F in TM. We let 



5 P g 9 
^ = E«n^ + E^--eJ, p+l<r<n, (4.21) 
^ j=i i s=i 
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where {ei, • • • , Cq} is a complex orthonormal basis of T^'^F^. Let B = (brs)qxq, then 



d 

dzi 



d 
c)z„ 



Ipxp 
* B 



d 
dzi 



d 
ei 



(4.22) 



where B is invertible. Let 



H 



Hpp Hpq 



where Hpp = [Hap]i<a,f3<p is invertible. By (4. 20), (4.21) and 



then under the metric g^^'^ , we have 

= 



Hpp ^pq 

Hqp Hqq + -Hqq 



(4.23) 



(4.24) 



(4.25) 



where Hqq = BB which is invertible. By the definition of the inverse of if", we get 



£\-l 



1 



deiHppdeiHqq + 0(e) 



^11 + 0{e) 0{e) 
A2ie + 0{e^) A22£ + 0{e^) 



where 

By (4.18), (4.25) and (4.26) 



All = dctHppdetHqqHpp] A22 = detHppdetHqqHqq 



(4.26) 
(4.27) 



detHppdetHqq 



d Hpp. All 



dHqp.An + dHqq.A2l dHqq.A22 

Then by (4. 18), (4.27), (4.28), we get 



+ 0{£). (4.28) 



'IV[(V™'")2] = Tr[f^^] = Tx[^l''''"''] + Tr[Q^ ""^'"j + 0(e), (4.29) 



where 



^f'^ = d{dHpp.H-p') - {dHpp.Hpp') A {dHpp.Hpp'y, 
By (4.29), we obtain 



- = d{dHqq.Hqq') - {dHqq.Hq^) A {dHqq.Hqq'] 



(4.30) 



(IV[(V™'^)^]) = E {TV[J^^^'°^(/„/,)]+IV[J^^^'°^"(/„/,)]}c(/,)c(/,)+0(Vi). 

l<i<j<2p 

(4.31) 
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Ipxp 
^ B 



Remark. In fact the term 0{^/e) in (4.29) and (4.31) vanishes. We let 

Bo 

then 



Hpp 
I 



£\-l 



B, 











Bo 



By (4.18), (4.33) and the trace property, we have 



TV(a}^) = Tr[dHpp.H-' + OBoBq-' + dBoBo ]. 
So the vanishing of the 0{^/£) in (4.29) and (4.31) comes from (4.34) and 



(4.32) 



(4.33) 



(4.34) 



(4.35) 



Let (pij be the (i, j)-component of ^ G A^T^'^M (g) C associated to the decompo- 
sition 

APT^'*M ® C = ®i+j=p A' F* ® A^F^'* ® C. (4.36) 



We set 



(F + ^(a;))(x) 
4 



-1(55a;2)2,2]|U 



^1(55a;i)4,o]|U - - 5Mi,2 



2 



-^l|V^[(5-^)-i]3,o||^-||1(V%,o|U-^||lTV(i7^^'"^^ (4.37) 

where ||.||a; denotes the norm of a hnear operator acting on (j^AT*'^^'^'> M iS) ^x, 9x^ ■ 
As in the discussions in Section 2, we have 

Theorem 4.1 Let {M,F) be a compact complex foliation. // ^' > 0, then the Euler 
number Eul(^) of the holomorphic bundle ^ vanishes. 

By Theorem 2.11 in [Bi], we have: 

Corollary 4.2 Let (M, F) be a compact complex foliation. If > and dd{uji + 
U2) =0, then there exists a (2n — \)-form r such that 



A 



27r 



exp - 



2v^7r 



Tr 



"(V 



TM\2 



Tr 



exp 



2V=T7r^ 



dr. 
(4.38) 
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5 A Kastler-Kalau-Walze type theorem for foliations 



Several years ago, Conncs made a challanging observation that the noncommu- 
tative residue (see [FGV] or [Wo]) of the —21 + 2 power of the Dirac operator on 
21 {I > 2)-dimensional spin manifolds was proportional to the Einstein-Hilbert ac- 
tion, which was called Kastler-Kalau-Walze Theorem now. In [Ka], Kastler gave a 
brute- force proof of this theorem. In [KW], Kalau and Walzc proved this theorem 
by the normal coordinates way simultaneously. In [Ac], Ackermann gave a note on a 
new proof of this theorem by using heat kernel expansion. 

Let (M", F) be a compact even dimensional foliation. In [Kol], the author defined 
the tangential pseudodiffcrential operator algebra for foliations and a noncommutative 
residue on it. We assume M has spin leave. In order to give a Kastler-Kalau-Walze 
type theorem for foliations, it is natural to consider the noncommutative residue in 
[Kol] of the —n + 2 power of the Dirac operator along leave which is in the tangential 
pseudodifferential operator algebra. But the computations seems to be a little com- 
plicated , which comes from the tangential pseudodifferential calculas. Borrowing the 
idea in [LZ], we consider the sub-Dirac operator and the noncommutative residue on 
the classical pseudodifferential operator algebra on M. That is, we will compute 



where Dp^e = -C'^,</,(Fi)eU=i- 
By (2.20) in [LZ], then 



Dl = -A^ + ^ + Q (5.1) 



where 



= 7 E E (^^^ (/^' hr)ht, hs)c{fi)c{hr)c{hs)c{ht) 



i=l r,s,t=l 
P Q 



+1 E J2i^''^(fi^fj)'^t,hMfiHfj)cihs)c{ht) 

i,j=l s,t=l 



1 ' 



+ 8 E (^^ {hr,hi)ht,hs)c{hr)c{hi)c{hs)c{ht). (5.2) 
s,t,r,l=l 

By [Ac], we know that: 

Res(i^/^+2) = CO TV^(^)g^(^x,*)(-^ - Q)dwo\g, (5.3) 
where cq = n-. By the identity 

(f-2)!x(47r)^ ^ ^ 

dvolge = —dvolg, (5.4) 

£2 
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we get 

q f ( fc'^^.e \ q 



TM,s 



I k 

CO / lim,_oTrg. ( — - ] dvolg. (5.5) 



M 



By (2.14) and Tr ge{c{^/ehs)) = Trg{c{hs)), we have 



P Q 



i,j=l s,t=l 

In the last equaUty of (5.6), we have used the identity 

T^HfiWj)] = Tr[c{hs)c{ht)] = 0, for i^j, s^t. (5.7) 
By (2.11) (5.5) (5.6), we have 

hm£^oe^Res(Dp^+2) = cq [ [k^ + $(u;)]dvolg, (5.8) 

where c5 = -f§Rk[5(F)§ A {F^'*)] and Rk[5(F)§ A {F^'*)] equals 2i+« (resp. 



p— 1 

2^ *"*) when p is even (resp. odd). So we get 

Theorem 5.1 Let {M'^,F) he a compact even- dimensional oriented foliation with 
spin leave and codimension q, and Dp he the suh-Dirac operator, then lim.^^Qe^Res{Dp 
is proportional to J^[k^ + ^{io)]dvolg. 



— n 



Remark 1. When {M,F) is a fibre bundle with compact fibres, then ^(uj) = 0, so 
the 0{Ar) coefficient of Res(-D7,"^^) is proportional to the sum of the gravity along 

fibre. Especially, when p = 0, Theorem 5.1 is the classical Kastler-Kalau-Walze the- 
orem. 

Remark 2 By (2.32-2.35) in [LZ], we know that 

k™'^ = k^ + ^cj)+aie + a2e'^, (5.9) 

where ai,a2 are functions which are independent of e. So, if = 2 (resp. 4), we will 
have that lim£_^.oRes(£)p""'"^) is proportional to Jj^aidvolg (resp. Jj^^ a2dYo\g). 
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